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The prebuckling and the postbuckling behaviors of the angle-ply composite laminated joined circular conical–

cylindrical shells subjected to torsion, external pressure, axial compression, and thermal loading are studied

considering the variation of stiffness coefficients along the meridional direction in the conical section. The analysis is

carried out using the semi-analytical finite element method based on the first-order shear deformation theory. The

nonlinear governing equations, derived using Sanders-type kinematic relations, are solved using the Newton–

Raphson iterative technique coupled with the displacement control method to trace the prebuckling followed by the

postbuckling equilibrium path. The presence of asymmetric perturbation in the form of a small magnitude load

spatially proportional to the linear buckling mode shape is considered to initiate the bifurcation of the shell

deformation. The influences of the semicone angle, the ply angle, and the number of circumferential waves on the

prebuckling/postbuckling response of the angle-ply laminated joined circular conical–cylindrical shells are

investigated. The critical buckling load shows a decreasing trend for positive semicone angle cases and an increasing

one for negative semicone angle cases with the increase in the magnitude of the semicone angle of the mechanically

loaded shells. The shellswith apositive semicone anglemostly depict asymmetric bifurcationbuckling underuniform

decrease in temperature whereas the shells with a negative semicone angle depict asymmetric bifurcation buckling

under a uniform rise in temperature. The ratio of the minimum load in the postbuckling path and the critical

buckling load may significantly be lower than unity depending upon the shell parameters and loading situations.

Nomenclature

�A�; �B�; �D� = matrices of stiffness coefficients
E = Young’s modulus
�E� = matrix of transverse shear stiffness coefficients
fFMg, fFTg = mechanical and thermal load vectors
G = shear modulus
h = total thickness
hi = thickness of ith layer
�K� = linear stiffness matrix
�KT �, �KG� = stiffness matrices due to thermal and initial stress

resultants
�K1�, �K2� = nonlinear stiffness matrices linearly and

quadratically dependent on f�g
L = length of the shell along the meridional direction
fMg, fNg = moment and stress resultants
f �Mg, f �Ng = thermal moment and stress resultants
N = number of layers
n = number of circumferential full waves
P = axial load
fQg = transverse shear stress resultant
q = applied external radial pressure
r = radius
s, �, z = meridional, circumferential, and thickness

coordinates
T = torsional load
U = total potential energy
u, v, w = displacements in the meridional, circumferential,

and thickness directions
� = coefficient of thermal expansion
�s, �� = rotations of the meridional and hoop sections

�T = temperature rise
f�g = degrees of freedom vector
f"g = strain vector
�i = ith layer ply angle
� = Poisson’s ratio
� = semicone angle

Subcripts

b = bending
L, T = principal material directions
o = middle surface
p = extensional/stretching
s = shear component of strain/meridional direction
ss, �� = normal components in s and � directions
sz, s�, �z = shear components

Superscripts

ci = coefficient of cos�in��
c0 = axisymmetric component
L = linear
NL = nonlinear
o = axisymmetric component/initial state
si = coefficient of sin�in��
T = transpose

I. Introduction

The filament wound laminated conical shells have widespread
applications as transition elements between cylinders of different
diameters in various engineering fields. Such joined conical–
cylindrical shells may often be subjected to torsion, external
pressure, axial compression, and thermal loading. A compressive
membrane state of stress introduced due to the above loading
conditions may lead to the loss of stability by buckling and be a
crucial failure phenomenon especially for thin shells. The thin shells
may undergo transverse deflections of the order of shell thickness or
even higher necessitating the incorporation of the geometric
nonlinearity in the problem formulation. An estimate of the critical
buckling load can be made through an eigenvalue analysis
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incorporating either the linear or nonlinear prebuckling states,
whereas the sensitivity to imperfections and the postbuckling
behavior is evaluated bymeans of nonlinear analysis. The traditional
shell design approach based on the linear bifurcation buckling load
reduced by a knockdown factor sometimes may result in overly
conservative designs or even potentially unsafe ones. It may bemore
appropriate to investigate the full nonlinear response of shells and
estimate the lowest load in the postbuckling path for design purposes.

The buckling analysis of isotropic joined conical–cylindrical
shells has received the attention of a few researchers [1–7]. The
elastic buckling and postbuckling analyses of cone–cylinder and
sphere–cylinder joined shells subjected to external pressure are
investigated by Flores and Godoy [1] using an axisymmetric finite
element approach. It is brought out that the bifurcation loads of the
joined shells are lower than those of the individual shells, and the
former are less imperfection sensitive compared to the latter. The
elastic buckling/postbuckling ensuing due to circumferential
compressive membrane stress near the intersection of the large end
of a cone and a cylinder subjected to internal pressure is also
investigated [2–6]. The insertion of a toroidal segment between the
cone and cylinder results in slightly higher external buckling
pressures than that of a cone–cylinder shell without transition
insertion [7].

The studies on the postbuckling characteristics of composite
laminated joined conical–cylindrical shells are scarce [8]. The
thermoelastic postbuckling characteristics of cross-ply laminated
joined conical–cylindrical and conical–cylindrical–conical shells are
analyzed in the work of Patel et al. [8] and it is brought out that the
behavior of a joined shell system is significantly different from that of
the individual components.

The study of angle-ply laminated joined conical–cylindrical shells
is important to exploit the tailor making capability of laminated
composites. For the continuous fiber wound angle-ply laminated
conical shells, layer ply angle and thickness vary along the
meridional direction [9–12]. The buckling analysis of angle-ply
laminated composite conical shells considering layer ply angle and
thickness variation along the meridional direction is dealt with
recently by Goldfeld and Arbocz [11] and Goldfeld et al. [12]. It is
brought out that the ply angle and the layer thickness are strong
functions of the meridional coordinate of an angle-ply laminated
conical shell and this in turn, significantly influences the critical
buckling loads [11,12]. To the best of the authors’ knowledge, there
are no studies available on the thermomechanical buckling/
postbuckling characteristics of angle-ply laminated joined conical–
cylindrical shells.

In the present study, postbuckling characteristics of the angle-ply
laminated joined circular conical–cylindrical shells subjected to
torsion, external pressure, axial compression, and uniform
temperature change are investigated by extending the semi-
analytical finite element approach [8] incorporating the variation of
the layer ply angle and the thickness along the meridional direction.
The presence of the asymmetric perturbation in the form of a small
magnitude load spatially proportional to the linear buckling mode
shape is considered to initiate the bifurcation of the shell deformation
from the axisymmetric mode to the asymmetric one [13]. The
solution of the nonlinear governing equations, based on the Sanders
type of kinematics, is obtained employing the Newton–Raphson
technique and the adaptive displacement control method to
efficiently trace the equilibrium path of the shells [8]. The solution
starts with the load increments, and whenever during the marching,
the tangent stiffness matrix becomes semipositive or negative
definite, the solution approach is switched to the adaptive
displacement control. The degree of freedom having the highest rate
of change in the previous step is selected as the control parameter and
is updated in each step. The step size is decided based on the
increment in the previous step and the number of equilibrium
iterations with suitable error norms. The study is carried out to
highlight the influences of the semicone angle, the ply angle, and the
number of circumferential waves on the prebuckling/postbuckling
response of the angle-ply laminated joined circular conical–
cylindrical shells.

II. Formulation

A laminated composite joined circular conical–cylindrical shell is
considered as shown in Fig. 1. Based on the first-order shear
deformation theory, the displacements u, v,w at a point �s; �; z� from
the median surface are expressed as functions of middle-surface
displacements uo, vo, and wo, and rotations �s and �� of the
meridional and hoop sections, respectively, as

u�s; �; z� � uo�s; �� � z�s�s; ��
v�s; �; z� � vo�s; �� � z���s; ��; w�s; �; z� � wo�s; ��

(1)

Using the semi-analytical approach, uo, vo, wo, �s, and �� are
represented by a Fourier series in the circumferential angle �. For the
nth harmonic, these can be written as

uo�s; �� � uc0o �s� �
XM1

i�1

h
ucio �s� cos�in�� � usio �s� sin�in��

i

vo�s; �� � vc0o �s� �
XM1

i�1

h
vcio �s� cos�in�� � vsio �s� sin�in��

i

wo�s; �� �wc0o �s� �
XM2

i�1

h
wcio �s� cos�in�� � wsio �s� sin�in��

i

�s�s; �� � �c0s �s� �
XM2

i�1

h
�cis �s� cos�in�� � �sis �s� sin�in��

i

���s; �� � �c0� �s� �
XM2

i�1

h
�ci� �s� cos�in�� � �

si
� �s� sin�in��

i

(2)

where the superscript c0 refers to the axisymmetric component of
displacement field variables, and ci and si (i � 1) refer to the
asymmetric components of the field variables having the
circumferential variation proportional to cos�in�� and sin�in��,
respectively.

The strain-displacement relations are based on Sanders [14] type
of kinematic approximations: 1) small strains, 2) moderately large
rotations about the axes tangent to the middle surface, 3) effect of
rotation about normal to the middle surface is negligible; and 4) thin
shell (z=r� 1) such that 1� z=r	 1; however, transverse shear
deformation is important due to a smaller wavelength of the
postbuckling deformation to thickness ratio and higher E=G ratio.
The Green’s strains are written in terms of the midsurface
deformations as

f"g �
�
"Lp
0

�
�

�
z"b
"s

�
�

�
"NLp
0

�
(3)

where the membrane strains f"Lpg, bending strains f"bg, shear strains
f"sg, and the nonlinear in-plane strains f"NLp g in Eq. (3) are written as
[14,15]

L2

r1

r2

z, w s, u

, v

L1

θ

φ

Fig. 1 Coordinate system and geometrical details of joined conical–

cylindrical shell.
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The stress resultant vector fNg � fNssN��Ns�gT and the moment
resultant vector fMg � fMssM��Ms�gT can be expressed in terms of
the membrane strains f"pg � f"Log � f"NLo g and the bending strains
f"bg through the constitutive relations as

�
fNg
fMg

�
� �A� �B�
�B� �D�

� ��
f"pg
f"bg

�


�
f �Ng
f �Mg

�
(5)

The transverse shear stress resultant vector fQg � fQsz Q�zgT is
related to the transverse shear strain f"sg through the constitutive
relation as

fQg � �E�f"sg (6)

It may be noted here that the stiffness coefficients �A�, �D�, �B�, and
�E� used in Eqs. (5) and (6) are functions of themeridional coordinate
(s).

For a laminated shell consisting of N layers with the stacking
angles �i�i� 1; . . . ; N� and the layer thicknesses hi�i� 1; . . . ; N�,
the necessary expressions to compute the stiffness coefficients and
the thermal stress/moment resultants, available in the literature [16],
are used.

The variation of the ply angle �i and the layer thickness hi for the
filament wound laminated conical section is expressed as [11,12]

�i � arcsin

�
r1
r

sin �1i

�
(7a)

hi � h1i
r1
r

cos �1i
cos �i

(7b)

where r1, �
1
i , and h

1
i are the radius of the parallel circle, the ply angle,

and the layer thickness at the left end of the shell. The potential
energy functionalU1��� (consisting of strain energy and potential of
external loads) is given by

U1��� �
1

2

Z
A

��
"p
"b

�
T A B

B D

� ��
"p
"b

�
� f"sgT �E�f"sg



�
"p
"b

�
T
�

�N
�M

��
dA 


Z
A

qwo dA 
 vc0o �0�T 
 uc0o �0�P

(8)

where T and P are applied at the left end (s� 0) of the shell.
The potential energyU2��� due to the initial state of in-plane stress

resultants is written as

U2��� �
Z
A

n
"NLp

o
TfN0g dA (9)

Following the procedure of Rajasekaran and Murray [17], the total
potential energy functionalU�����U1��� �U2���� can be expressed
as

U��� � f�gT ��1=2���K� 
 �KT � � �KG�� � �1=6��K1����
� �1=12��K2�����f�g 
 f�gTfFMg 
 f�gTfFTg (10)

The condition for the extremum ofU���with respect to � leads to the
governing equations of the shell as

��K� 
 �KT � � �KG� � �1=2��K1���� � �1=3��K2�����f�g
� fFMg � fFTg (11)

The governing Eq. (11) can be employed to study the linear/
nonlinear static and the eigenvalue buckling analyses by neglecting
the appropriate terms such as the following:

Linear static analysis:

�K�f�g � fFMg � fFTg (12)

Nonlinear static analysis:

��K� 
 �KT � � �1=2��K1���� � �1=3��K2�����f�g � fFMg � fFTg
(13)

Eigenvalue buckling analysis:

�K�f�g � ��K�G�f�g (14)

where �K�G� is the geometric stiffness due to the initial state of stress
developed because of the unit load and � is the loadmultiplier factor.
It may be noted here that for the purpose of evaluating �K�G�, first the
static analysis of the shell using Eq. (12) for the unit load is carried
out. The resulting deformation field is used to calculate the initial
state of stress resultants using Eq. (5) and in turn, for evaluating the
�K�G� matrix.

The nonlinear equilibrium path is traced by solving Eq. (13) using
the Newton–Raphson iteration technique coupled with the adaptive
displacement control method. The equilibrium is achieved for each
load/displacement step until the convergence criteria suggested by
Bergan and Clough [18] are satisfied within the specific tolerance
limit of less than 0.001%.

The detailed description of the finite element formulation and its
validation for buckling/postbuckling studies of cross-ply laminated
shells can be found elsewhere [8,19,20] and are not presented here
for the sake of brevity.

III. Results and Discussion

The nonlinear prebuckling and the postbuckling characteristics of
the angle-ply laminated joined circular conical–cylindrical shells are
investigated using the semi-analytical finite element formulation.
The presence of the smallmagnitude initial disturbance in the form of
a radial load spatially proportional to the linear buckling mode shape
is considered to trace the postbuckling path. The disturbance load
amplitude corresponds to a maximum transverse displacement
parameter �womax=h� 0:001 in the linear static analysis of the shell
subjected only to the disturbance load. The influence of the small
asymmetric disturbance on the prebuckling deformation of the
axisymmetrically loaded shell is very small and when the applied
axisymmetric load approaches the bifurcation load, the solution
continues to the postbuckling path. The detailed study is carried out
to highlight the influences of the semicone angle (�), the ply angle
(�1i ), and the number of circumferential waves (n) on the
prebuckling/postbuckling characteristics of the angle-ply laminated
joined circular conical–cylindrical shells.

The material properties used, unless otherwise specified, are
EL � 172:25 GPa, ET � 6:89 GPa, GLT � 3:445 GPa, GTT�
1:378 GPa, �LT � �TT � 0:25, �L � 6:3 � 10
6=
C, and �T�
3�L. The subscripts L and T are the longitudinal and the transverse
directions, respectively, with respect to thefibers.All the layers are of
equal thickness at the left end (s� 0) and the ply angle is measured
with respect to the meridional axis (s axis). The first layer is the
innermost layer of the shell. The layer ply angle (�1i ) and thickness h

1
i

at the left end (s� 0) of the shell are specified. The shear correction
factor employed is evaluated taking into account layer properties and
stacking sequence [21].

The simply supported boundary conditions of the shells
considered are the following:
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1) Right end (s� L)

uc0o � ucio � usio � vcio � vsio � wc0o �wcio � wsio � �c0� � �
ci
�

� �si� �Mss � 0 (15)

2) Left end (s� 0)
Torsional loading:

Immovable: uc0o � ucio � usio � vcio � vsio �wc0o �wcio � wsio
� �c0� � �

ci
� � �

si
� �Mss � 0 (16)

External radial/axial/thermal loading:

Immovable: uc0o � ucio � usio � vc0o � vcio � vsio � wc0o �wcio
� wsio � �c0� � �

ci
� � �

si
� �Mss � 0 (17)

Movable: ucio � usio � vc0o � vcio � vsio �wc0o � wcio �wsio
� �c0� � �

ci
� � �

si
� �Mss � 0 (18)

Based on the progressive mesh refinement, 48 elements
idealization in the meridional direction is found to be adequate to
model the complete slant length of the joined shell. The number of
terms M1 in the approximation of the variables (uo, vo) and M2 in
(wo, �s, ��), based on the convergence study (one typical result is
shown in Fig. 2), are taken as 4 and 2, respectively, for the detailed
parametric study. The validation of the formulation for the buckling
of the angle-ply laminated conical shells considering the variation of
the ply angle and the layer thickness along themeridional direction is
carried out and the results are shown in Table 1. It can be seen from
Table 1 that the present results are in good agreement with those
available in the literature [11]. The comparison of the results for the
postbuckling characteristics of angle-ply laminated cylindrical shells
(�� 0 deg) with those of Sheinman and Jabareen [22] is given in
Fig. 3 and is found to be in quite good agreement. Some differences
in the results, as seen in Fig. 3b, may be attributed to a different shell
theory and solution approach employed by Sheinman and Jabareen

[22]. It can further be seen from Fig. 3b that the present analysis
predicts the presence of multiple loops in the postbuckling path
predicted using the adaptive displacement control method employed
in the paper. This method can accurately trace the continuously
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Fig. 2 Convergence study for two-layered angle-ply laminated joined conical–cylindrical shells (L2=r2 � 1, r2=h� 100, L1 � L2):
a) 15 deg = � 15 deg, �� 30 deg, n� 13; b) 15 deg = � 15 deg, ���30 deg, n� 13.

Table 1 Comparison of critical buckling loads for angle-ply laminated circular conical shell [L� 0:2 m, r1 � 0:1325 m, total thickness at small end:

h1 � 1:16 mm, lamination scheme at small end: 90 deg =45 deg = � 45 deg =90 deg; EL � 42:6 GPa, ET � 11:7 GPa, GLT � GTT � 4:8 GPa,
�LT � �TT � 0:302; boundary conditions at large end (s� L): uo � vo � wo � �� � 0, at small end (s� 0): wo � �� � 0, vo � 0 (axial load case),

uo � vo � 0 (external pressure), uo � 0 (torsional)]

Critical axial load, Pcr, kN/m Critical external pressure, pcr . kN=m
2 Critical torsional load, Tcr, kN/m

� Present Goldfeld and Arbocz [11] Present Goldfeld and Arbocz [11] Present Goldfeld and Arbocz [11]

0 deg 106.72 106.89 170.67 179.83 46.78 46.18
10 deg 75.10 74.54 108.98 113.82 43.24 ——

20 deg 58.97 59.18 73.043 75.962 40.56 ——

30 deg 48.24 48.13 49.289 51.136 38.15 37.80
45 deg 35.63 35.38 26.136 27.047 32.66 32.37
55 deg 27.99 27.83 15.967 16.466 27.68 27.51
65 deg 20.55 20.42 8.6854 8.8947 21.87 21.71
75 deg 12.82 12.66 3.6252 3.6881 15.07 14.99
85 deg 4.097 —— 0.6292 0.6335 7.108 7.016
90 deg 0.508 0.508 —— —— 3.131 ——
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Fig. 3 Comparison of postbuckling characteristics of an angle-ply

(�1= � �1) laminated circular cylindrical shell subjected to axial

compression L=r� 2, r=h� 100, h� 0:0127 m; EL � 140:4 GPa, ET �
9:73 GPa GLT � GTT � 4:11 GPa, �LT � �TT � 0:26; boundary con-

ditions at right end (s� L): uo � vo � wo � �s � �� � 0, at left end

(s� 0): wo � �s � �� � 0, vo � 0 for �1 � 15 deg and vo ≠ 0 for

�1 � 60 deg.
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Fig. 4 Nonlinear response curves for two-layered (15 deg = � 15 deg) angle-ply laminated immovable simply supported joined conical–cylindrical

shells subjected to torsional load at the left end.
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connected branches/loops of the equilibrium path. The presence of
such multiple loops near the bifurcation point of structures is similar
to that highlighted in the literature [23].

The postbuckling characteristics of the two-layered angle-ply
(�1= 
 �1) laminated immovable simply supported joined conical–
cylindrical shells (L1=r1 � 1, r1=h� 100, L1 � L2, h� 0:003 m)
subjected to the torsional load T at the left end are shown in Figs. 4
and 5 for the ply angles �1 � 15 deg and 30 deg, respectively,
considering different values of the positive and negative semicone
angles of the conical section. The circumferential wave numbers (n)
correspond to the lowest critical load and in its neighborhood. It can
be observed from these figures that the maximum inward transverse
displacement parameter (womax=h) increases almost linearlywith the
increase in the torque up to a certain critical value beyond which the
equilibrium path reveals bifurcation from the axisymmetric
deformation to the combination of the axisymmetric and the
asymmetric deformation with the dominance of the latter one. TheFig. 6 Postbuckling deformation shapes for 15 deg = � 15 deg shell

subjected to torsional load (n� 13).
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critical torsional load decreases with the increase in the positive
semicone angle whereas it increases with the increase in the
magnitude of the negative semicone angle. The rate of change of
critical torsional load is more for the positive semicone angle shell
cases. The circumferential wave number corresponding to the
minimum load (Tmin) in the postbuckling path is lower than the one
corresponding to the lowest buckling load (Tcr). The ratio Tmin=Tcr is
more for ply angle �1 � 15 deg compared to �1 � 30 deg for a
particular value of�. It can also be inferred fromFigs. 4 and 5 that the
degree of the hardening nonlinearity, depicted after the minimum
load in the postbuckling path, increases with the increase in the
circumferential wave number. The 15 deg = 
 15 deg shells with a
negative semicone angle reveal secondary bifurcation in the
postbuckling path (Fig. 4). The typical postbuckling deformation
shapes for 15 deg = 
 15 deg shells shown in Fig. 6 reveal that the
buckling first initiates in the cylindrical section for �� 30 deg and
in the conical section for ��
30 deg.

The behavior of the angle-ply (�1= 
 �1) laminated immovable
simply supported conical–cylindrical shells subjected to the external

radial pressure is qualitatively similar to that of the shells subjected to
the torsional loading. The typical characteristics are shown in Fig. 7
for �1 � 30 deg. It can be seen from Fig. 7 that the prebuckling
displacement corresponding to the buckling point is significantly
higher for shells with a negative semicone angle.

The response characteristics of the shells subjected to the axial
compressive load are depicted in Fig. 8. It can be seen from thisfigure
that the shells with lower semicone angle (�) magnitude reveal
significantly lower Pmin=Pcr ratio whereas the shells with higher �
exhibit a rising initial postbuckling path. One can also see fromFig. 8
that the joined shells subjected to axial loading exhibit secondary
bifurcation for most of the shell parameters.

The detailed study is also carried out for the angle-ply (�1= 
 �1)
laminated conical–cylindrical shells subjected to the uniform change
in temperature. The typical results are presented in Fig. 9 for the ply
angle �1 � 15 deg and 30 deg. It is revealed from the detailed study
that the shells with a positive semicone angle except for the case
��1; �� � �15 deg; 15 deg� depict asymmetric bifurcation buckling
due to cooling (decrease in temperature from their undeformed/
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unstressed equilibrium temperature) whereas the shells with a
negative semicone angle depict asymmetric bifurcation buckling due
to heating (rise in temperature) for the shell parameters considered.
The shell with �1 � 15 deg and �� 15 deg reveals asymmetric
buckling under both the conditions (the results for a decrease in the
temperature case for �1 � 15 deg and�� 15 deg are not shown). It
is apt to make a mention here that the linear eigenvalue analysis also
predicts positive buckling temperature significantly higher
compared to negative buckling temperature for the angle-ply shells
with a positive semicone angle conical section. However, the
nonlinear analysis of such shells may not predict bifurcation from
axisymmetric prebuckling to asymmetric buckling depending upon
the level of buckling temperature rise. It is expected that the buckling/
postbuckling study of the joined conical–cylindrical shells subjected
to thermal heating/cooling will be useful in the analysis/design of
storage tanks/shells for cryogenic/low-temperature applications.

IV. Conclusions

The prebuckling and the postbuckling characteristics of the angle-
ply laminated joined circular conical–cylindrical shells subjected to
the mechanical and thermal loading are analyzed employing the
semi-analytical finite element. The detailed study revealed that the
critical buckling load shows a decreasing trend with the increase in
the positive semicone angle and an increasing one with the increase
in the magnitude of the negative semicone angle for mechanical
loading situations. However, the critical buckling temperature
decreases for both cases. In general, the shells with a positive
semicone angle depict asymmetric bifurcation buckling under a
decrease in temperature from their undeformed/unstressed
equilibrium temperature, whereas the shells with a negative
semicone angle depict asymmetric bifurcation buckling under a rise
in temperature. The circumferential wave number corresponding to
the minimum load in the postbuckling path is lower than the one
corresponding to the lowest buckling load. The ratio of theminimum
load in the postbuckling path and the critical buckling load may
significantly be lower than unity depending upon the shell
parameters and loading situations.
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